Motivated by recent interest concerning "puncture repair" in the conformal geometry of compact Riemannian manifolds ([5] and [6] ), a brief exposition on generalisation to the setting of quasiconformal mappings on certain metric measure spaces is presented, as well as a brief outline on removability of porous sets.
Introduction
In [5] , the authors employ an Ahlfors-Beurling extremal length type argument, and prove the following "puncture repair" theorem:
Theorem. Suppose that M is a compact connected conformal manifold and p ∈ M. Suppose that N is a compact connected conformal manifold and U ⊂ N an open subset such that there exists a conformal map f : U → M \ {p}. Then f extends to a conformal map of M onto N.
Note that by conformal manifold we mean a pair (M, [g]) where [g] is an equivalence of Riemannian metrics where h ∼ g if and only if h = λ
2 g for some function λ. If a map is conformal with respect to g then it is conformal with respect to any metric equivalent to g, thus conformal maps between conformal manifolds are well defined.
In [5] the authors remark that although their result is stated in terms of compact manifolds, the result is in fact local. In [15] , Zorich shows that the theorem above holds for quasiconformal immersions between Riemannian n-manifolds, n ≥ 3, when the target is simply connected.
In the modern language of geometric function theory, the extremal length has evolved into the notion of the modulus of a curve family (=1/extremal length), since the later behaves as an outer measure. Furthermore, the generality of the spaces to which the modulus can be used to replicate and generalise theorems of Riemannian geometry is substantial, in particular, metric measure spaces of Q-bounded geometry are well suited to such ends, provided one is careful regarding topology and the target is Q-Loewner. In this setting, generalisations of the result in [5] can be considered in three directions: not restricting to Riemannian metrics, considering quaisconformal mappings instead of conformal mappings, and considering underlying spaces with complicated topology, although the latter is delicate, for example on a manifold with boundary difficulties arise if the mappings do not preserve boundaries. An example of what we exclude is a ball in the closed upper half space which is centred at the origin with puncture at the origin, i.e., {(x, y) : y ≥ 0, x 2 +y 2 < r 2 }\{(0, 0)}, and the map (x, y) → (x, y + 1).
With the caveat that a quasiconformal mapping is assumed to preserve boundaries if they are present in the domain of the map, we have the following counterpart to Theorem 2 of [5] :
′ , ν) be metric measure spaces of Q-bounded geometry, Q > 1, where X and Y are path connected. Furthermore assume that (Y, d
′ , ν) is Q-Loewner. Let x 0 be a given point in X and U be an open neighborhood of x 0 . If U x 0 = U \ {x 0 } and f : U x 0 → Y is a quasiconformal mapping, such that for every ball B(x 0 , r) ⋐ U, the set C given by
The result is a relatively straight forward use of the properties of the conformal modulus of a curve family and the Loewner condition, moreover the proof holds in any dimension. The Q-bounded geometry condition implies that the standard characterisations of quasiconformality are available and equivalent locally, while the Loewner condition on the target provides a restriction on f which implies the conclusion in the theorem. Moreover, all the assumptions are fulfilled by compact Riemannian manifolds and more (see section 4 for a discussion in the sub-Riemannian case).
Puncture repair is a specific instance of the removability problem for singularities of quasiconformal mappings, and has been a central question in geometric function theory since the pioneering work of Ahlfors and Beurling [1] . At a general level, the removability problem seeks conditions on a compact subset E ⊂ X such that each quasiconformal mapping of X \E that maps X \E into Y extends to a quasiconformal map of X onto Y . For example when X and Y are the Euclidean space R n , n ≥ 2, it is known that E is removable if the (n−1)-dimensional Hausdorff measure of E is zero while on the other hand, there are nonremovable Cantor sets of Hausdorff dimension n − 1 (see [3] , [4] and [14] ). These Euclidean results require analytic tools which are not available in the general setting, and so similar results are not readily at hand, although in the Riemannian case, C. Frances [6] has obtained such a characterisation in the conformal Riemannian setting. A sufficient condition for removability at a general level involves the notion of a porous set. A be brief outline of the results of Balogh and Koskela [2] on porosity and removability will be given later.
Background on metric measure spaces
The results discussed here are part of the elementary theory and the reader is referred to [9] , [8] and [11] for details.
Let X = (X, d, µ) be a metric measure space, that is, (X, d) is separable as a metric space and µ is a locally finite Borel regular measure. Following the standard construction, one defines the length of curves defined on compact intervals and the associated arc length parameterisation which further facilitates the definition of the line integral of a real valued function on X, see for example [11, chapter 5.1] . If γ is a curve defined on a noncompact interval I then it's length can be defined by taking the supremum of the lengths of all curves γ| J where J ⊂ I is any compact subinterval. A curve is rectifiable if it has finite length and is locally rectifiable if it is rectifiable on any compact subinterval of the domain of definition.
Let Γ be a family of curves in X. The p-modulus of Γ is defined as follows:
where the infimum is over all nonnegative Borel functions ̺ :
for every γ ∈ Γ and l denotes the arc length. We say that ̺ is admissible for Γ. For example, in the Riemannian setting, the conformal factor of a conformal map, suitably scaled by the infimum of the set of lengths of all curves in Γ, is admissible It can also be shown that for all p > 1, the set of nonrectifiable curves in Γ has p-modulus equal to 0, so we can assume that the curves in Γ are at least locally rectifiable, see [11] Lemma 2.1. The following properties hold for the p-modulus of the curve families Γ and Γ ′ :
Definition 2.1. The "conformal modulus" is the case p = Q where Q is the Hausdorff dimension of the underlying metric space. It is conformally invariant and quasi-invariant with respect to quasiconformal mapping (see Theorem 2.1 below).
Definition 2.2. The notation Γ(E, F, U) will denote the family of all curves in an open subset U of X joining two disjoint closed subsets E and F of U.
With the modulus at hand we can outline the proof. Now use the geometric properties of a quasiconformal map f to conclude that the image curve family f (Γ i ) must also have Q-modulus tending to zero. This last conclusion conflicts with a Q-Loewner condition unless C is a point.
Recall that we call a metric space X endowed with a Borel measure µ is Ahlfors regular of dimension Q (Q-regular for short) if there exists a constant C ≥ 1 so that
for every ball B(x, r) ∈ X with radius r < diam X. It is easy to see that if a locally compact metric space X satisfies (1) for some Borel measure µ then in fact it satisfies for Hausdorff Q-measure (possibly with a different constant) and any measure satisfying (1) is comparable to the Hausdorff Q-measure. For this reason, the metric space (X, d) is said to be Qregular without specifying the measure µ. 
for all balls B(x 0 , r) ⊂ U, and that
whenever B(x 0 , r) ⊂ U and E and F are two disjoint, nondegenerate continua in B(x 0 , λr) with dist(E, F ) ≤ t min{diamE, diamF }.
Remark 1. See [10] for more detail concerning the following consequences:
for some C 1 ≥ 1 depending only on ψ and λ, and so (X, d, µ) is uniformly locally Ahlfors Q-regular.
(ii) Condition (3) can be replaced with the weaker condition
where E and F are disjoint nondegenerate continua in B(x 0 , λr) ⊂ U with dist(E, F ) ≤ min{diamE, diamF }. Indeed (3) and (5) imply (2).
(iii) Connected open subsets of spaces of locally Q-bounded geometry are again of locally Q-bounded geometry, with the same data.
(iv) Riemannian n-manifolds are of locally n-bounded geometry along with many other examples.
A significant feature of locally Q-bounded geometry, stemming from item (iii) in Remark 1, is that quasiconformal mapping theory is local (in more general metric spaces, many properties of qc-maps may only hold if the map is globally defined, in particular the equivalence of conditions (i) and (ii) in the Theorem 2.1 below.
Definition 2.4. The statement that (Y, d
′ , ν) is Q-Loewner means that there exists a decreasing function φ : (0, ∞) → (0, ∞) so that
whenever E and F are two disjoint, nondegenerate continua in Y with dist(E, F ) ≤ t min{diamE, diamF }.
We note that compact Riemannian n-manifolds are n-Loewner, see [9] page 39 and [11] page 392. 
(ii) there exists a constant C ≥ 1 such that
whenever Γ is a family of curves in U and f (Γ) denotes the family of curves in U ′ obtained as images of curves from Γ under f ; The extremal length method used in [5] considers curve families which wind around the puncture, where as the approach here will consider curve families which terminate at the puncture since the Q-modulus of such families is relatively well understood. In particular we have the following standard result:
whenever 0 < 2r < R < R 0 , where C 1 depends only on C 0 and Q.
It should be note that Lemma 2.2 does not require Q-bounded geometry nor a Loewner condition. Moreover, the volume growth condition is a feature of Riemannian n-manifolds with Q = n.
Proof of Theorem 1.1
By local Q-boundedness, there is a ball B = B(x 0 , r 0 ) ⊂ U such that (2) holds for all balls B(x 0 , r) such that r < r 0 . Let B i = B(x 0 , r i ) be open balls where the sequence of radii {r i } tends to 0, and satisfies 2r i < r 0 so that Lemma 2.2 is applicable to the curve family Γ (B i , B \ B 1 , B) , that is
Let Γ i denote the family of rectifiable curves inB \ B i which connect ∂B to ∂B i . Since Γ i ⊂ Γ (B i , B \ B 1 , B) , we have Mod Q Γ i → 0 as r i → 0 by property 1 in Lemma 2.1.
Since f is quasiconformal, Theorem 2.1 implies that Mod Q f (Γ i ) → 0. Furthermore, by assumption, the sets E = f (∂B(x 0 , r 0 )) and F = C, are continua in Y , and since every γ ∈ f (Γ i ) is a subcurve of Γ(E, F, Y ), property 2 of Lemma (2.1) implies that
We note that diamE > 0 and so diamF must be zero, for if it were otherwise, the Loewner condition on Y would imply that Mod Q Γ(E, F, Y ) is nonzero thus prohibiting Mod Q f (Γ i ) → 0.
Poincaré inequalities
Validating the Loewner condition for a metric measure space is a matter typically addressed via Poincaré inequalities. More precisely, if (X, d, µ) is proper (closed balls are compact), satisfies a convexity condition (see [9] section 2.15), and Q-regular, Q > 1, then the Q-Loewner condition is equivalent to the validity of the Q-Poincaré inequality, see [9] Corollary 5.13.
In the setting of metric measure spaces with no Riemannian structure, the following notion of upper gradients, formulated by Heinonen and Koskela in [9] , plays the role of derivatives. A Borel function g on X is an upper gradient of a real-valued function u on X if for all nonconstant rectifiable paths γ : [0, l γ ] → X parameterized by arc length,
where the above inequality is interpreted as saying also that γ g dl = ∞ whenever |u(γ(0))| or |u(γ(l γ ))| is infinite. Definition 4.1. We say that (X, d, µ) supports a p-Poincaré inequality if there are constants τ, C > 0 such that for all balls B ⊂ X, all measurable functions f on X, and all p-weak upper gradients g of f ,
where r is the radius of B and For example, Carnot groups with their sub-Riemannian metric and Lebesgue measure, support a 1-Poincaré inequality and, by Hölder's inequality, a Q-Poincaré inequality also holds. Thus Carnot groups have locally Q-bounded geometry and are Q-Loewner. In the setting of a set of equiregular Hörmander vector fields on an open set Ω ⊆ R n , together with the corresponding Carnot-Caratheodory distance and Lebesgue measure, Jerison [12] shows that a 1-Poincaré inequality holds. It follows that compact equiregular Carnot-Caratheodory/sub-Riemannian manifolds support a 1-Poincaré inequality and thus have locally Q-bounded geometry and are Q-Loewner. Hence it follows that Theorem 1.1 applies in this setting.
Porous sets
At the metric measure space level with "separation axiom S", Balogh and Koskela [2] consider conditions on a compact subset E of a Q-regular Loewner space that guarantee that each quasiconformal mapping of X \E that maps X \ E into X and maps bounded sets to bounded sets, extends to a quasisymmetric homeomorphism of X onto X (note that when a homeomorphism maps bounded sets to bounded sets then quasiconformality and quasisymmetry are equivalent conditions). The condition they arrive at (see Theorem 1.1 [2] ) is called spherical t-porosity of E, that is to say: there exits t > 1 such that for each x ∈ E there is a sequence r j tending to zero with E ∩ B(x, tr j ) \ B(x, t −1 r j ) = ∅ for all j. Strictly speaking Theorem 1.1 in [2] assumes X is unbounded and that X is also the target, however in the remarks on page 573 of [2] , it is explained that these assumptions can be removed. In particular, for a general target Y , their result holds when X is proper, Q-regular with Q > 1, and Loewner, while the target space Y is assumed to be proper, Q-regular with the same Q, C-linearly locally connected, and satisfies the separation axiom S. In particular, Theorem A.2 in [2] shows that metric connected n-manifolds, n ≥ 2, satisfy separation axiom S. Consequently the puncture repair theorem holds for porous E in the Riemannian setting.
Axiom S. A metric space X satisfies the separation axiom S if, for each compact subset E of X, there is a constant λ > 0 so that the following holds: If a finite union A ⊂ F of pairwise disjoint continua with diameters less than λ separates points x 1 , x 2 ∈ X, then a component of A separates x 1 and x 2 .
